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Abstract The paper deals with an analytical model of

stresses acting in the superconductor YBCO during an

oxygenation process to transform the tetragonal lattice of

the non-superconductive phase YBa2Cu3O7�x0
ðx0 ¼ 0:9Þ

to the orthorhombic lattice of the superconductive phase

YBa2Cu3O7: Accordingly, the oxygenation-induced stres-

ses originate as a consequence of the difference in

dimensions of the crystalline lattices. Additionally, critical

temperature of the oxygenation process with regard to a

crack formation in the superconductor YBCO is derived.

Introduction

The superconductor YBa2Cu3O7–Y2BaCuO5 (123–211)

represents a matrix–particle system acted by stresses

originating during a cooling process as a consequence of

the difference in thermal expansion coefficients of the

phases 123 and 211 [1], as well as during an oxygenation

process of the single-grain bulk phase 123. The oxygena-

tion process transforms the tetragonal lattice of the non-

superconductive phase YBa2Cu3O7�x0
(x0 = 0.9) to the

orthorhombic lattice of the superconductive phase

YBa2Cu3O7: The superconductive phase is required be-

cause of its zero resistance against electric current.

Accordingly, the stresses originating during the oxygena-

tion process are a consequence of different dimensions of

the tetragonal and orthorhombic lattices, as experimentally

investigated in [2]. Finally, this paper represents an ana-

lytical contribution to the experimental results.

Analytical model

Cell model

As presented in Ref. [2], the oxygenation process, applying

to the sample YBCO in a form of the cylindrical pellet

shown in Fig. 1a (D = 35, h = 20 [mm]), is realized in

cylindrical holes with the radius R1, the length h and the

inter-cylinder distance 2R3. With regard to an analytical

model, this system with the finite dimension D is replaced

by an infinite system (D fi ¥) divided into cylindrical

cells with parameters R1, R3, h (see Fig. 1b). Consequently,

the oxygenation-induced stresses are investigated within

the cylindrical cell, considering the boundary condition

rrð Þr¼R3
¼ 0 for the radial stress rr. Resulting from the

system infinity, analytical models of the oxygenation-in-

duced stresses in a certain cylindrical cell are identical with

those in any cylindrical cell.

In spite of the fact that an influence of the matrix be-

tween the cylindrical cells is not considered, the same

approach, presented in [3], is used in case of an analytical

model of thermal stresses originating in a matrix–particle

system consisted of periodically distributed spherical par-

ticles with the radius R1 and the inter-particle distance 2R3,

where the spherical particles are embedded in an infinite

matrix divided into spherical cells with the radius R3.

Consequently, an influence of the matrix between the

spherical cells is not considered, and the same boundary

condition rrð Þr¼R3
¼ 0 is used to result in more than satis-

factory theoretical results compared with experimental

observation.
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Cylinders A and B

The sample of the single-grain bulk phase 123 is oxygen-

ated at the different temperature T to result in the different

oxygen concentration C in a crystalline lattice of the 123

phase. Consequently, the different concentration C results

in the different crystalline lattice dimensions a1 and a3 in

the plane x1x2 and along the axis x3 (see Fig. 2), respec-

tively. An initial state of the phase 123 is thus characterized

by the parameters a10, a30 related to the temperature T0

resulting in C0, where T0 is simultaneously final tempera-

ture of a crystal growth process of the phase 123 [2, 4].

Performing the oxygenation process at the temperature

T < T0, the parameters a10, a30 are transformed to a1 „
a10, a3 „ a30 corresponding to C at the radii R1, respec-

tively, where C „ C0.

Additionally, with regard to simplification of the ana-

lytical model, the oxygen concentration C is assumed to be

constant within the cylinder with the radii R1 and R2 < R3.

Accordingly, the cylindrical cell consists of the cylinders A

and B with the radii R1, R2 and R2, R3 (see Fig. 2),

respectively. The cylinders A and B are thus represented by

the phases YBa2Cu3O7 and YBa2Cu3O7�x0
(x0 = 0.9) with

the crystalline lattice dimensions a1, a3 and a10, a30,

respectively, where a1, a3 are assumed not to be functions

of the spherical variables r 2 R1;R2h i; u 2 0; 2ph i:

Stresses in cylinders A and B

Considering the system consisted of the hollow cylinders A

and B of the 123 phase and with the radii R1 < R2 < R3 (see

Fig. 2), the radial, tangential and longitudinal stresses rr,

r/ and rz are investigated in the general point P along the

axis xr, x/ and z, respectively, where xr, x/� x1x2; zi x3.

With regard to parameters of the phase 123 [1], the iso-

tropic and anisotropic planes x1x2, x1x3 and x2x3, respec-

tively, correspond to the tetragonal lattice, and the

coordinate r along the axis xr is related to the cylinders A, B

for r 2 R1;R2h i; r 2 R2;R3h i; respectively. With regard to

isotropy of the plane x1x2, we get

@ur

@u
¼ 0; ð1Þ

and consequently the shear strain er/ = er/ = (1/r) (¶ur/

¶/) = 0 [5] results in the shear stress rr/ = r/ r = 0, where

ur is displacement of an infinitesimal cylindrical part of the

system along the axis xr, and the angle u ¼ \ x1;OPð Þ:
Additionally, the displacements ur and uz, the latter

along the axis z, are assumed to be independent on the

variables z and r, respectively, as derived by the condition

@ur

@z
¼ @uz

@r
¼ 0; ð2Þ

and consequently the shear strain erm = (¶ur/¶z) +

(¶uz/¶r) = 0 [5] results in the shear stress rrm = rm r = 0.

Finally, along with Eqs. (1), (2), the strains ezA, ezB along

the axis z are connected with the condition

ezA ¼ ezB ¼
a3 � a30

a30

: ð3Þ

Considering the dimension changes a1–a10, a3–a30 to

originate in crystalline lattices of the cylinder A only, the

cylinders A and B tend to exhibit the radii R2 + R2[(a1–a10)/

a10] and R2, respectively, where R2/a10 represents a number

of crystalline lattices with the dimension a10 related to the

distance R2. The radius change R2(a1–a10)/a10 induces

the compressive or tensile radial stress p2 > 0 or p2 < 0

acting on the A–B boundary, respectively. The radial stress

p2 results in the radial strains erAð Þr¼R2
; erBð Þr¼R2

in the

Fig. 2 The hollow cylinders A and B with the radii R1 < R2 < R3, and

the axes xr, x/ and z = ci x3 in the general point P, along which the

radial, tangential and longitudinal stresses rr, r/ and rz act,

respectively, and radial cracks with the length h formed in the

cylinder A provided that r/ A > 0 and on the condition

ruA

� �
r¼R1

[rfr (see section ‘‘Stresses in cylinders A and B’’)

Fig. 1 Shape of the sample of the single-grain bulk 123 phase (a) as

experimentally investigated in [2], and the system (b) considered

regarding the analytical model

6896 J Mater Sci (2007) 42:6895–6900

123



cylinders A, B, respectively. The A–B boundary thus

exhibits the radius

RAB ¼ R2 þ R2

a1 � a10

a10

þ R2 erAð Þr¼R2
¼ R2 þ R2 erBð Þr¼R2

;

ð4Þ

and consequently we get the condition

erBð Þr¼R2
� erAð Þr¼R2

¼ a1 � a10

a10

ð5Þ

used for the determination of the radial stress p2. The

Cauchy’s equations have the forms [5]

er ¼
@ur

@r
; ð6Þ

eu ¼
ur

r
; ð7Þ

ez ¼
@uz

@z
; ð8Þ

and consequently the compatibility equation (9) to result

from Eqs. 6, 7, and the equilibrium equation (10) related to

the axis xr [5] have the forms

er � eu � r
@eu

@r
¼ 0; ð9Þ

ru ¼ rr þ r
@rr

@r
; ð10Þ

where ¶r//¶/ = 0 and ¶rz/¶z = 0 results from equilibrium

equations related to the axes x/ and z due to rr/ = r/ r = 0

and rrm = rm r = 0, respectively. Finally, the Hooke’s laws

corresponding to the tetragonal lattice are derived as [5]

er ¼ s11rr þ s12ru þ s13rz; ð11Þ

eu ¼ s12rr þ s11ru þ s13rz; ð12Þ

ez ¼ s31 rr þ ru
� �

þ s33rz; ð13Þ

and the elastic modulus sij (i, j = 1, 2, 3) [5] has the form

sij ¼
dij � lj 1� dij

� �

Ei
; i; j ¼ 1; 2; 3; ð14Þ

where Ei and lj are the Young’s modulus and the Poisson’s

number, and dij = 0, 1 for i „ j, i = j is the Kronecker’s

symbol, respectively. With regard to Eqs. 10, 13, the stress

rz is derived as

rz ¼
1

s33

ez � s31 2rr þ r
@rr

@r

� �� �
: ð15Þ

With regard to @ez=@r ¼ @=@rð Þ @uz=@zð Þ ¼ @=@zð Þ
@uz=@rð Þ ¼ 0 (see Eqs. 2, 8), considering Eqs. 10–12, 15,

the compatibility equation (9) is transformed to the form

r
@2rr

@r2
þ 3

@rr

@r
¼ 0; ð16Þ

and consequently, assuming the radial stress in the form

rr = Crk, we get

rr ¼ C1 þ
C2

r2
; ð17Þ

where the coefficients C1, C2 are determined from

boundary conditions. Considering the boundary conditions

rrAð Þr¼R1
¼ 0; ð18Þ

rrAð Þr¼R2
¼ rrBð Þr¼R2

¼ �p2; ð19Þ

rrBð Þr¼R3
¼ 0; ð20Þ

the stresses in the cylinders A and B have the forms

rrA ¼ �
p2

1� r2
12

1� R1

r

� �2
" #

; r12 ¼
R1

R2

2 0; 1h Þ; ð21Þ

ruA ¼ �
p2

1� r2
12

1þ R1

r

� �2
" #

; ð22Þ

rzA ¼
1

s33A

2s31Ap2

1� r2
12

þ ezA

� �
; ð23Þ

rrB ¼ �
p2

1� r2
32

1� R3

r

� �2
" #

; r32 ¼
R3

R2

[1; ð24Þ

ruB ¼ �
p2

1� r2
32

1þ R3

r

� �2
" #

; ð25Þ

rzB ¼
1

s33B

2s31Bp2

1� r2
32

þ ezB

� �
: ð26Þ

With respect to Eqs. 5, 12, 21–26, the radial stress p2 is

derived as

p2 ¼
1

c1 � c2

a1 � a10

a10

þ a3 � a30

a30

s13A

s33A
� s13B

s33B

� �� �
: ð27Þ
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and the coefficients c1, c2 have the forms

c1 ¼ s12A þ
1

1� r2
12

s11A 1þ r2
12

� �
� 2s13As31A

s33A

� �
; ð28Þ

c2 ¼ s12B þ
1

1� r2
32

s11B 1þ r2
32

� �
� 2s13Bs31B

s33B

� �
; ð29Þ

where a10, a1 and a30, a3 are lattice parameters along the

axis x1 and x3, related to the temperature T0, T < T0,

respectively.

Critical temperature of oxygenation process

Provided that the tangential stress r/ A is tensile, then for

r/ A > 0; on the condition ruA

� �
r¼R1

[rfr; and with regard

to r/ A – r representing a decreasing function of the vari-

able r 2 R1;R2h i; radial cracks with the length h in the

cylinder A are formed from a surface with the radius R1

during the oxygenation process, where rfr is critical stress

with respect to crack formation. To avoid the crack for-

mation, the condition

ruA

� �
r¼R1
� rfr; ð30Þ

being accordingly required to be fulfilled, is transformed,

after substitution of Eqs. 22, 27 to Eq. 30, to the

temperature condition

T � Top: ð31Þ

Consequently, assuming the linear temperature depen-

dence

a1þ2i ¼ k1þ2iT þ q1þ2i; i ¼ 0; 1; ð32Þ

the critical temperature of the oxygenation process, Top,

related to the temperature T0, has the form

Top ¼
c3c4 � c5

c6

ð33Þ

and the coefficients c3–c6 are derived as

c3 ¼ k1T0 þ q1ð Þ k3T0 þ q3ð Þ; ð34Þ

c4 ¼ 1þ s13A

s33A
� s13B

s33B
� rfr

2
c1 � c2ð Þ 1� r2

12

� �
; ð35Þ

c5 ¼ q3 k1T0 þ q1ð Þ s13A

s33A
� s13B

s33B

� �
þ q1 k3T0 þ q3ð Þ; ð36Þ

c6 ¼ k3 k1T0 þ q1ð Þ s13A

s33A
� s13B

s33B

� �
þ k1 k3T0 þ q3ð Þ; ð37Þ

where a1+2i0 = (a1+2i)T=T_0 (i = 0,1).

Oxygenation-induced stresses in phase 123

With regard to the temperature dependence (32), the

crystalline lattice dimensions a1 and a3 of the phase 123 in

the plane x1x2 and along the axis x3, respectively, are

shown in Fig. 3 [4] as functions of the oxygenation tem-

perature T, where a1, a3 are measured at the room tem-

perature Tr = 20 �C, and consequently changes of a1, a3

due to thermal expansion in the temperature interval Tr; Th i
are neglected.

Considering material and lattice parameters of the phase

123 presented in Table 1, the radial, tangential, axial

stresses, rrA, r/ A, rzA and rrB, r/ B, rzB (see Eqs. 21–26)

in the layers A and B, respectively, for the radii R1 = 0.5,

R2 = 1, R3 = 1.5, for the initial temperature T0 = 900 �C

and the oxygenation temperature T = 400 �C are shown in

Fig. 4. The temperature T0 = 900 �C and T = 400 �C to

result in a10 = 3.865, a30 = 11.833 and a1 = 3.856, a3 =

11.696 [10–10 m] (see Eq. 32; Table 1) is the same as

considered within the experimental results published in

[2, 4], respectively. Additionally, the nomograms r/ A–r12–

r32, rrA–r12–r32 at the radii r = R1, r = R2 in the layer A to

exhibit tendency to release the oxygenation-induced stress

loading by radial crack formation (see Figs. 2, 7), are

presented in Figs. 5, 6. Finally, the dependencies in Figs. 5,

6 are not asymptotic for r12 fi 1 due to reduction of the

term 1–r12
2 in fractions of Eqs. 21, 22, 27–29.

300 400 500 600 700 800 900
T[°C]

3.850

3.855

3.860

3.865

3.870

a 1
[1

0- 1
0

m
]

a1= 1.82×10-15×T+3.85×10-10

[a1]=[m]

[T]=[°C]

375 475 575 675 775 875
T[°C]

11.6

11.7

11.8

11.9

12.0

a 3
[1

0- 1
0

m
]

a3= 27.4×10-15×T+11.59×10-10

[a3]= [m]

[T]= [°C]

(a) (b)Fig. 3 The crystalline lattice

dimensions a1 (a) and a3 (b) of

the phase 123 in the plane x1x2

and along the axis x3 (see

Fig. 2), respectively, as

functions of the oxygenation

temperature T, where a1, a3 are

measured at the room

temperature T = 20 �C [4]
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The nomogram Top–r12–r32 for the initial temperature

T0 = 900 �C, and for the critical stress rfr = 25 MPa [4]

regarding the radial crack formation is presented in Fig. 7.

Resulting from R2 = R2(t) as an increasing time-dependent

function for (R2)t=0 = R1 [6], the critical temperature Top

for t = 0 and t > 0 is considered for r12 = 1 and r12 2 0; 1h Þ
(see Eq. 21), respectively, with regard to r32 ‡ 1.

To avoid the crack formation, the critical temperature

Top is required to be as small as possible in comparison

with the initial temperature T0. Accordingly, a state of the

sample YBCO with small radius R1 (for r12 fi 0) and high

density of the cylindrical holes (for r32 fi 1) is required,

what results in small critical temperature Top as presented

in Fig. 7.

Conclusions

Representing a continuation of the paper [2] with experi-

mental results to concern the oxygenation process resulting

in a transformation of the tetragonal lattice of the non-

superconductive phase YBa2Cu3O7�x0
(x0 = 0.9) to the

orthorhombic lattice of the superconductive phase YBa2-

Cu3O7, the latter exhibiting zero resistance against electric

current and both denoted as the phase 123, main results

concerning the analytical model of the oxygenation-in-

duced stresses presented in this paper are as follows:

1. The sample with the finite diameter D91 and the

height h, containing cylindrical holes with the radius R1,

the length h and the inter-cylinder distance 2R3, as

shown in Fig. 1a and experimentally investigated in [2],

is replaced by the system with D fi ¥ shown in Fig. 1b,

2. considering the same approach as presented in [3] to

result in sufficiently exact theoretical results, the system

is divided into cylindrical cells with the radii R1, R3, and

consequently the oxygenation-induced stresses are

investigated within the cell (see section ‘‘Cell model’’),

3. as presented in section ‘‘Cylinders A and B’’, with

regard to simplification of the analytical model, the

Table 1 Material and lattice parameters of the 123 phase (see Fig. 3a, b; Eq. 32) [1, 4]

E1 (GPa) E3 (GPa) l1 l3 R1 (10–3 m) R2 (10–3 m) R3 (10–3 m) k1 (10–15 m T–1) k3 (10–15 m T–1) q1 (10–10 m) q3 (10–10 m)

182 143 0.255 0.255 0.5 1 1.5 1.81596 27.3978 3.8488 11.5869

0.5 0.6 0.7 0.8 0.9 1.0
r [mm]

0

50

100

150

200

250

300

σ r
A

,σ
ϕA

[M
Pa

]
σϕA

σrA

σzA = -1.6 GPa

p2 = -107.2 MPa

1.0 1.1 1.2 1.3 1.4 1.5
r [mm]

-300

-200

-100

0

100

200

σ r
B

,σ
ϕ B

[M
P

a]

σzA = -1.7 GPa

p2 = -107.2 MPaσrB

σϕB

(a) (b)

Fig. 4 The radial and tangential stresses rrA, rrB and r/ A, r/ B,

along with the axial stresses rzA, rzB, acting in the cylinders A, B (see

Eqs. 21–26), respectively, with the radii R1 = 0.5 mm, R2 = 1 mm,

R3 = 1.5 mm for the temperature T0 = 900, T = 400 [�C] (see Eq.

32), where r > 0 or r < 0 represents tensile or compressive stress,

respectively, and p2 is a radial stress acting on the A – B boundary

(see Eq. 27)

0.0 0.2 0.4 0.6 0.8 1.0
r12=R1/R2

0

100

200

300

400

500

600

(σ
ϕ A

) r
=

R
1

[M
Pa

]

r32 = R3/R2: 1-4: 1.025;1.05;1.075;1.1
5-8: 1.125;1.15;1.175;1.2

9-12: 1.225;1.25;1.3;1.35
13-15: 1.4;1.45;1.5

T0 = 900°C
T = 400°C 15

1

0.0 0.2 0.4 0.6 0.8 1.0
r12=R1/R2

200

300

400

500

600

700

(σ
ϕ A

) r
=

R
1

[M
Pa

]

r32 = R3/R2: 16-20: 1.6;1.7;1.8;1.9; 2
21-24: 2.25;2.5;2.75;3
25-27: 3.5;4.5;5

T0 = 900°C
T = 400°C

27

1

(a) (b)Fig. 5 Nomograms of the

tensile tangential stress

ruA

� �
r¼R1

[0; acting at the

radius r = R1, as functions of

the parameters r12 2 0; 1h i and

r32 > 1 (see Eqs. 21, 22, 24) for

the temperature T0 = 900,

T = 400 [�C] (see Eq. 32),

where rrAð Þr¼R1
¼ 0 (see Eq.

18). The dependence

ruA

� �
r¼R1
�r12 � r32 for r32 > 5

is approximately identical to the

curve 27 (b)
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cylinder with the radii R1, R3 is divided into the

cylinders A and B with the radii R1, R2 < R3 and R2,

R3, and with the constant oxygen concentration C and

C0 „ C to result in the crystalline lattice dimensions

a1, a3 and a10 „ a1, a30 „ a3 in the plane x1x2, along

the axis x3 (see Fig. 2), respectively,

4. the analytical model of the oxygenation-induced

stresses and the condition (30) to avoid the crack for-

mation in the layer A acted by the tensile tangential

stress r/ A > 0 (see Eq. 22) are presented in sections

‘‘Stresses in cylinders A and B’’ and ‘‘Critical

temperature of oxygenation process’’, along with the

critical temperature of the oxygenation process, Top,

regarding the crack formation,

5. an application of the analytical model to phase 123 is

presented in section ‘‘Oxygenation-induced stresses in

phase 123’’, along with nomograms of the tangential,

radial stresses in the cylinder A and the critical tem-

perature, r/ A, rrA and Top, respectively.
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Fig. 6 Nomograms of the

tensile tangential and radial

stresses, ruA

� �
r¼R2

[0 (a, b)

and rrAð Þr¼R2
¼ �p2[0 (c,d)

(see Eq. 19), respectively,

acting at the radius r = R2, as

functions of the parameters

r12 2 0; 1h i and r32 > 1 (see

Eqs. 21, 22, 24, 27) for the

temperature T0 = 900, T = 400

[�C] (see Eq. 32). The

dependencies

ruA

� �
r¼R2
�r12 � r32 and

rrAð Þr¼R2
�r12 � r32 for r32 > 5

are approximately identical to

the curve 27 (b, d)
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Fig. 7 Nomograms of the temperature Top as a function of the

parameters r12 2 0; 1h i and r32 > 1 (see Eqs. 21, 24, 33), for material

and lattice parameters of the 123 phase (see Table 1). The dependence

Top–r12–r32 for r32 > 1.2 is approximately identical to the curve 8
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